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Poincarét and others have discussed the continuity with respect to a para-

meter /* of the solutions of a system of equations

-TT   —   Xi(xx, Xt. . . ., Xn, (I, t),

in which the function Xi is analytic in ft if | p \ < c, and satisfies certain other

conditions with respect to xx, xt, ..., x„., t in a domain

\xi — x°i\<b,       0<t<T (¿=1,2.n).

For certain problems in mechanics it is convenient to have a similar dis-

cussion of equations of the form

-t? — Xi(xx, Xi. ..., Xn, cosvt, sinW)       (i = 1, 2, ..., n)
at

for very large values of the parameter v\ the present paper is devoted to this

type of equations, and an application is made to a problem related to the

restricted problem of three bodies.

1. INTEGRATION BY THE METHOD OF SUCCESSIVE APPROXIMATIONS

In the equations

(1) —j- = Xi(xx, Xi, ..., x», cospt, siavt)
at

* Presented to the Society, September 8, 1922.

t Les Méthodes nouvelles de la Mécanique céleste, vol. I, § 27.
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assume that the functions Xi are continuous in all their arguments, and satisfy

the conditions

\Xi(x", ..., x'n, cosvt, siavt) — Xi(x[, ..., x'n, eosvt, sinvi)|

(2) < Ax \XÍ'—XÍ\+-h An Wn' — X'nl,

\Xt\<M (« = 1,2, ....»),

if the arguments lie in the domain

(D) \xí — Xi\<b,      — 'x>*ct<<x>     (i—-l,2,...,n).

n

Then if K — 2 Ai, equations (1) can be integrated by the method of suc-
¿=i

cessive approximations,* and the solutions are defined if

(3) 0<t-to<i?\os\\. + -Tr
bK

K *"6 V '   M

In the discussion of the successive approximations we shall require the

following

LEMMA. Assume that xx(t), . .., xn(t) are continuous, possess continuous

derivatives, and that \xi—xl \ <c b for 0<t<T, and suppose yi(t), F¿ (t)

defined by the equations

Yi (t) —  I Xi (xx, . .., xn, cos rt, sin vt) dt,

0

(4)
t 2rr

Vi (t) =  I n—  I  Xi(xx, . . ., Xn, cosw, sinw) dadt.

0 0

* Picard, Traité d' Analyse, vol. 2, 1905, Chap. XI.



1923] A  TYPE  OF  DIFFERENTIAL   SYSTEM 317

Then if e is an arbitrarily small positive quantity, N can be found such that

ifv^N,

\Yi(t)—yi(t)\<e,       0<t<T.

iiAt = ^,
v

cosj'(r+4¿) = cosví,    sinv(£ + At) = sinrt.

Suppose

mAt<t'<(m+l)At,       m At = t.

Then

kAt
m p

Yi(t') = 2 Xi (xi, Xt, ..., Xn, cosvi, sinvt) dt
fc=i    J

(fc—l) At

(5)
t

+ I Xi(xi,x2, .... x,i, cosvt, sinW)á"¿.

Since v(k— \)At = 2(k — Y)n, vkAt — 2krt,

kAt

Ik — Xi(xx, ..., xn, cosvtf, smrt)dt

(k-i)At

•Ht

= — I Xi (xx, ..., Xn, cosw, sinw)d«

» = v[t — (k — \)At\.

or finally

27T

(6> h = |^ J Xi (af-", ..., x*-»  cos«, sin»)dco,

23*
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where xf_1) denotes the function xi (t) in the interval (k—1) At < t < kA t,

or the corresponding function of w. If xf_1) = xi [(k—l)At], we obtain

from (2)

\Xf (a^-", ..., .^fc-1), cosw, sinw)—X (a5?_1),_**-1)> cost», sinw)|

n

r=l

r(fc-D_^r(fc-i)¡

Since Xi (t) exists and is continuous for O < t< T, we have, for some   on-

stant B,

Then

(1)

If

|a4(Ol< -B, 0<t<T.

ur^-xt-^^BAt,

Zj Ai\Xi       —Xi       \<-BKAt.

in

1{c = ALj £ (xi"'",..., **~U, cos«, sin«) dl

27T

0

(8) ^PZ(408-

Also

(9)

i

I Xi(x1}... ,Xn,cosvt,sinvt) dt M At.
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From (5), (8), (9),

319

Ti(t')—2n*=i

(10)

<MAt + BKm(Aty

<At(M + BKt).

From the definition olyi(t),

t 2ir

yi(t)=  I «— I Xi(a:x, rr2,... ,#», costo, sin w) da dt

0 0

27T

= 2ij^fxi [x[*-» (?), x*-« (£),..., a*-» (I), cos«, sin«] a»,

0

(ft—l)4í<g<fejí,

from the theorem of the mean.  Also,

\yi(J) — vi(t')\ -cMAt.

Employing inequalities (2),

yt(t)—2U
fc=i

<BKtAt.

Hence, finally,

(11) yi(t')-2n
fc=i

<At[M+BKt].

Combining (10) and (11),
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(12) \Yi(t') — yi(t')\<^-[M+BKT],     0<t'<T.

From (12) the lemma follows immediately.

Equations (1) can be integrated by the construction of the functions

(13) «f> = x¡+ I Xiiuf-», uf-», ..., H*-", eospt, sinrt)dt, u\ = x\
0

(i= 1,2, ...,n;k= 1, 2, ...).

Consider the differential equations

2ff

(14)    -jf = ñ— I Xifo,^.*„, cos«, sinw)dw    («' = 1, 2, ..., n),
dt ¿n J

o

and suppose these integrated by the same method;

t 2K

(15) „(*) = x.o+  i _L  j ^(„(fc-D, „(ft-D. .... „»-i), cosw, sino») dm dt,

w» = œ», (¿= 1,2, ...,n;Ä= 1,2, . ..).

It is seen immediately that the same constants K, M can be employed for

equations (14). Also the functions \if>, vf> lie in the domain D.

From (13)

<

uf> = a*+ j Zi(if-«, if"», ..., nf-», eosvt, sinW) dt
o

í

(16) +   i [Zaiff-«, ..., u*-«, cos^í, sin vi)

o

— Zitt?*-1', . . -, ^fc_1), eos vi, sin vi)] di.



1923] A  TYPE  OE   DIFFERENTIAL   SYSTEM 321

Suppose \tif~V — vf-V | < Q (i = 1, 2, ..., «); then if wf> is defined by
the equation

w.f) = 2° + j x^tf-«, ..., i^-1), cosW, sinW) d¿,
0

M(fc) _ w(k) \<xQt (¿ = 1,2,..., n).

Also, from the lemma,

| wf> — vf | < — [M + BKT].

Hence

I«f — vf | < Kot + — [M+BKT].

From the definition of the functions u, v, w it follows that B can be replaced

byiti.
If k — 1, we obtain

\ul-v'i\<^[l+KT] = ^

Similarly,

and in general

\.,n       »\^- XTCi   ,  Cx        6¡¡w¿ — w   <-■ H-== —,—        V V V

(17) Wy-v<V\<^ (k=l, 2, ...),

where

cfc = 47rAí(i+í:p)2J(^37)r
fc-1

r=0
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Now if T< -=log[l + ^^l, the integer » can be chosen so large that if

o>t, 0<t< T,

\x.(t)-u<fHt)\<Y>

\*i (t)-vf(t)\ <-J-,

if s is any previously assigned positive quantity.

Now suppose ó fixed; from (17)

>)_>)|<S:.i i   > —   it

Ua       e
Hence if v is chosen sufficiently large — < -5-, and we obtain

\xi(t)—zi(t)\-ce (i = 1, 2, ..., n).

Hence the theorem: If xx (t), xs (t), .. ., xn (t) is a solution of(T), and

Z\(t), Zi(t), .... zn (t) the solution o/(14) satisfying the same initial con-

ditions, and ifO< T< "^"log II -\—^-j-\, then given any positive quantity e,

a number N can be found such that ifv>N,

\xi(t)-zt(t)\<e (0<t<T; i = 1, 2, ..., n).

If KT<1, then <?,<<?,

n       A.nM(l + KT)
L~ '     1-KT
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Hence for any v, « can be so chosen that if a > «,

Consequently

\xt(t) — tt(t)\<-ÇàiL (0<t<T; i = 1, .... n),
v

an inequality independent of «.

2. Example

Suppose n* a parameter on the interval O <p<c 1, and assume masses /u-

1 — p connected by a rigid weightless bar of unit length. Assume this system

to rotate about its center of gravity in the (x, y) plane, with an angular velo-

city », the origin coinciding with the center of gravity. Then if a particle of

unit mass moves in space under the newtonian attraction of the first two

masses, its coordinates satisfy the equations

dx _   ,        dx        djU
dt ~ x'       dt  ~ dx '

dy  _    , dy_        d_U

dt  ~ y'        dt  ~  dy'

dx   _   , dz' __ dU
tît  ~ z'        dt  ~~ ~dz '

(18)

tf=!^+ü-,
rx u

xx = p cosnt, yx == p sinwi,

Xt = (1—p) cosnt,     yt = —(1—p) sinnt,

r\ — (x — xx)t + (y — yl)t + zt,

rf = (x-xt)i + (y- yj + z*.
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27T -nt

—_   1 — (i   j   du>        (i    Ç du>
2n   J  ~rV + J^J   Tt'

o o

If P0 (x0, y0, z0) is such that rj > 1, r\ > 1, or if z0 =L O, then a certain

neighborhood of P0 can be found within which the first and second partial

derivatives of U, with respect to x, y, z, are continuous and their absolute

values have upper bounds independent of n. Within this neighborhood

equations (18) are of the form (1), and the theorem of § 1 can be applied. The

motion approaches that defined by the equations

d*x =  9(7

dt1 ~   dx '

d*y        dU

dt* 9y~'

(19)
dTz _   dÜ
dt2  ~   97 '

ä\ = ft cos w, yx = fi sin co,

Xi = (1 — i*) costo,        y8 = —(1—ft) sin co.

The limiting motion is that of a particle moving in space under the attraction

of two concentric rings, each of uniform density; the equations (19) admit the

area integral

xy'—x'y =-- C,

in addition to the energy integral. Com equently the plane problem is integrable.

The interest of this result lies in the fact that while in the restricted problem

of three bodies n = 1, yet the analytic discussion in many cases* is precisely

the same as for n arbitrary ( 4 0

* For instance, Birkhoff, The restrictedprol » of *kree bodies, Rendiconti del Circolo

Matemático di Palermo, vol.39 (1915).
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