A TYPF OF DIFFERENTIAL SYSTEM CONTAINING
A PARAMETER*

BY

F. H. MURRAY

Poincarét and others have discussed the continuity with respect to a para-
meter u of the solutions of a system of equations

=5 = Xi(®, s, ..., Zn, p, t),

in which the function X; is analytic inu if || < ¢, and satisfies certain other
conditions with respect to x,, xs, ..., 2, ¢ in a domain

|z, — a8 <b, O0<t<T (i=1,2,..., ).

For certain problems in mechanics it is convenient to have a similar dis-
cussion of equations of the form

‘fl—“: = Xi(®,, 23, ..., Zn, cOS¥t, sinvt) (z=1,2,...,n)
for very large values of the parameter »; the present paper is devoted to this
type of equations, and an application is made to a problem related to the
restricted problem of three bodies.

1. INTEGRATION BY THE METHOD OF SUCCESSIVE APPROXIMATIONS

In the equations

(1) dd_x; = Xi(xly Ty, « oy &ny COSVE, sinv?)

* Presented to the Society, September 8, 1922.
+ Les Méthodes nouvelles de la Mécanique céleste, vol. I, § 27.
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assume that the functions X; are continuous in all their arguments, and satisfy
the conditions

| X; (2f, ..., 2n, cosvt, sinvt) — X;(ai, ..., Zh, cos»t, sinvt)|
@ < Ai|at —ail+ -+ + Ao |2n — 20,

[ Xi|l < M (i=1,2,....m),
if the arguments lie in the domain

(D) |l —ai| <b, —o<t<oo (i=1,2,...,n)

n
Then if K = ZAi, equations (1) can be integrated by the method of suc-
t=1

cessive approximations,* and the solutions are defined if

1 bK
®) O__<:t—to<—flog(1—|——3—[—).

In the discussion of the successive approximations we shall require the
following

LEMMA. Assume that x, (1), ..., xn (1) are continuous, possess continuous
derivatives, and that |x;—xf| <b for 0< t< T, and suppose y; (t), Yi (t)
defined by the equations

t
Y; (1) =fX,- (1, ..., xn, cosvt, sinvt)dt,
0

(4)

t 2r
1
yi (¢) =f2—ani (24y «vvy an, COS®, Sinw) dwdt.
0 0

* Picard, Traité d’ Analyse, vol. 2, 1905, Chap. XI.
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Then if € is an arbitrarily small positive quantity, N can be found such that
ifv>N,

|Y: (8)—yi (£)| <6, O<Zt<T.

It At = 27,
v

cos»(t+ At) = cosvt, sinv(i+ At) = sinwvt.

Suppose
mAt< ¥ <(m+1)At, mAt = t.
Then
kAt
Yi(t) = Z: f Xi (@, x5, ..., Zn, cos¥t, sinvt) dt
"= (k—1) At
®)

+fX¢ (%, 23, ..., Zn, cosS¥it, sinvt)dt.

Since »(k—1)At = 2(k—1)n, vkAt = 2kn,

kdt
I, = f X (xy, ..., xn, cosvi, sinvi)dt
k—1) At
1 .
= —;in (2, ..., Zn, COSw, sinw)dw
0
if
o = v[t—(k--1)At],
or finally

(6)- I = —fX, ¥, ..., 2D, cosw, sinw)do,

28%
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where z{—? denotes the function x; () in the interval (k—1) A¢<t{=<kA{,
or the corresponding function of w. If z¥%—? = x, [(k—1)A¢], we obtain
from (2)

| X; (&=, ..., 2F=D, cosw, sinw) —X. (z¢-Y, ... z&=D, cosw, sinw)|

n
<A, |ak~> —7z%-D)|
r=1

Since «}(#) exists and is continuous for 0 < ¢ < T', we have, for some on-
stant B,

|z (t)|< B, 0t T

Then
Ixi(k_l)—ii(k_l)l<BAt)
n
) _21 Al —z# V| < BE A
If
2n
, Al o (k—1) —(k—1) :
I = 2_nfx,-(x1 yeeesTn ), COS®, Sinw) dw,
]
2z
|Ik—Ii|§2A:-‘-fBKAtdm
0
®) <BK(At)
Also
¢
9) in(x,,...,x,.,cosvt.sinvt)dt < MAt.
1
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From (5)"(8)7 (9),

Yi(t) '—‘k;l]l: < MAt+BEm(AL)?

(10) < At(M+ BK?Y).
From the definition of y; (¢),

T 2w
yi(t)= %t-in(xl,x,,...,x,., cosw, sinw) dw dt
0 1}

n

X; [zk=D (§), 2F—V(%),..., 2%V (&), co80,sin0] do,

l\'.>|:>.

(k—1) At £ 5 S kAt

from the theorem of the mean. Also,

|y (8) —w (¢) | < M At.

Employing inequalities (2),

iyi(?) —kZII;; < BKtAt.
Hence, finally,
m —
(11) yi(t) —kZIIé < At[M+BK1].

Combining (10) and (11),
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1® L@ —w@) < T (M+BKT), 0<E<T.

From (12) the lemma follows immediately.
Equations (1) can be integrated by the construction of the functions

¢
(13) u® = 204 | Xi(u®—D, &= . . w*—D cosvt, sinvt) dt, u) = af
) 1 1 2 n (1 (]
0

G=1,2,...,mk=1,2,...).

Consider the differential equations

dz;
dt

n
(14) = %J"Xi(z,, 2y, ...y 20, COSO, SINw)do (1=1,2,...,m),
0

and suppose these integrated by the same method;

t on
el 1 ? .
15) o = 20+ | =—— | Xi(@¥—D, v¥—D, ... v*—D cosw, sinw) dw di,
T T 2 1 2 n
¢ 0

0
Vi

2, G=1,2,...,nk=1,2,..).

It is seen immediately that the same constants K, M can be employed for
equations (14). Also the functions %, v lie in the domain D.
From (13)

t
?
u) = xf-}-J X; (o0, o&=1, ., oD, coswt, sinvi) dt
0

¢
(16) + f[Xi(u.(l"‘l), ooy u=D, cosvt, sinvt)
0

— X (0D, L, %D, coswt, sinvit)] di.
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Suppose |uf—D — o~V <o (i =1, 2, ..., n); then if w{® is defined by
the equation

t
wh =20+ in(v(l"—l), ooy ¥, cosvt, sinvt) dt,
0
|ul — wP| < Kot (i=12,...,n).
Also, from the lemma,
| — | < 27 [M+ BET),

Hence

|ufo — o | < Kot -+ = [M+ BKT].

From the definition of the functions u, v, w it follows that B can be replaced
by M.
If k = 1, we obtain

i —ot| < ¥ (14 kT = G
Similarly,
" ”" KTCI Q_ — _Cl
‘ _Utlé_v '+y—vr
and in general
an jugr — o] < G k=12 ..)

where

k-1
Cr = AnM(1 +KT)_2°(KT)’.
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K
6>, 0<t< T,

Now if T'< Llog (1+%), the integer « can be chosen so large that if

&
2, () —u? (1) <5,

|7 ()= (D <,

if € is any previously assigned positive quantity.
Now suppose ¢ fixed; from (17)

Cy
!ug") — vg")l < -

C
Hence if » is chosen sufficiently large —: < '::,-’ and we obtain
lws (t)—z (t) < e i=1,2,...,n).

Hence the theorem: If x; (), xs (8), ..., aa(t) is a solution of (1), and
2 (1), 22 (), .... zn (8) the solution of (14) satisfying the same initial con-

ditions, and if 0 < T'< jl{__ log (1 + %)’ then given any positive quantity e,
a number N can be found such that if v > N,

lz: () —ar (2)| <e 0=t=T;i=1,2,...,n).

It KT<1, then C,<C,

AnM(1+KT)
1—K7T

C=
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Hence for any », ¢ can be so chosen that if ¢ > ¢,

1 1 ¢
|, (t)—uﬁ‘)(t)l<g;, |2, (t)-—vS">(t)l<5, |“§~")—VE’)|<7-

Consequently
w-a@m <L Ozismi=1,.., 0w,
an inequality independent of «.
2. EXAMPLE

Suppose # a parameter on the interval 0 < u < 1, and assume masses w
1 — p connected by a rigid weightless bar of unit length. Assume this system
to rotate about its center of gravity in the (x, y) plane, with an angular velo-
city n, the origin coinciding with the center of gravity. Then if a particle of
unit mass moves in space under the newtonian attraction of the first two
masses, its codrdinates satisfy the equations

de _ . da' _ oU
at — 7’ dt ~— az’
ay _ . & _ 38U
at Y ar T Ty
dz _ , a4 _ oU
ar 7 at ~ a#z’
(18)
1= _ »
U - 71 + e ’
x = wcosnt, Yy = wsinnt,
Xy == (i--p)cosnt, ys = —(1—p)sinnt,

7'? = (z—x)'+(y—un)+2,

= (@—xn)l+y- pt+’
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If Py (o, %o, %) is such that »¢>1, r3>1, or if z,4-0, then a certain
neighborhood of P, can be found within which the first and second partial
derivatives of U, with respect to x, y, z, are continuous and their absolute
values have upper bounds independent of n. Within this neighborhood
equations (18) are of the form (1), and the theorem of § 1 can be applied. The
motion approaches that defined by the equations

&z _ o0
at oz’

. 2 2n
dy U F_1—p [do  p [do
dt? Y T 2n O 2n) ry’

0
(19) .
@z _ oy
e~ 9z’
Z, = wceosw, Y = psino,
Zs = (1 — p) cosw, Ys = — (1 —p) sinw.

The limiting motion is that of a particle moving in space under the attraction
of two concentric rings, each of uniform density; the equations (19) admit the
area integral

xy —a'y = C,

in addition to the energy integral. Con:equently the plane problem is integrable.

The interest of this result lies in the fact that while in the restricted problem
of three bodies » = 1, yet the analyti: discussion in many cases™ is precisely
the same as for » arbitrary (# 0

* For instance, Birkhoff, The restricted prol . n of three bodies, Rendiconti del Circolo
Matematico di Palermo, vol. 39 (1915).
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